The homogeneous space SL(n, IR)/SL(n, Z Z)
It will be convenient from this point on to consider SL(n, IR)/SL(n, Z Z), which corresponds to the space of lattices with a given discriminant, rather than the whole space GL(n, IR)/GL(n, Z Z), which is in fact a continuous union of copies of the former, parametrised by the discriminant. We shall denote by L 1 the space of lattices in IR n with discriminant 1 (for convenience we shall exclude n from the notation, as there is no possibility of confusion on account of it).
The space SL(n, IR)/SL(n, Z Z) is noncompact (this follows for instance from the following theorem). However it carries a finite measure invariant under the action of SL(n, IR) by translations on the left (cf. [21] ). This means that though noncompact it is still a 'small' space; it has a compact part together with a narrow cusp (end); it may be observed that 'tending to infinity' in such a space corresponds to going further and further into the cusp. We next recall the Mahler criterion which relates the geometric asymptotics in the space SL(n, IR)/SL(n, Z Z) with Diophantine asymptotics of lattices [21] . The correspondence is also amenable to analytical techniques. Let f be a measurable function on IR n vanishing outside a compact set (f need not be continuous). Following Siegel we associate to f a function f on L 1 by setting
observe that since f vanishes outside a compact set and Λ is discrete, the sum on the right hand side is in fact a finite sum. It turns out that via the transform the Lebesgue integral corresponds to the integral on L 1 = SL(n, IR)/SL(n, Z Z) with respect to the SL(n, IR)-invariant probability measure (that is, the invariant measure normalised to have total measure 1). Specifically we have the following: Theorem 1.2 (C.L. Siegel [24] ). Let f be an integrable function on IR n vanishing outside a compact subset of IR n . Then f is integrable and
where l is the Lebesgue measure on IR n and m is the SL(n, IR)-invariant probability measure on L 1 .
Siegel deduced from this that for any star-shaped body S in IR n , centered at the origin, with volume less that ζ(n) there exists a lattice Λ in IR n such that S ∩ Λ = (0), a statement which was formulated earlier by Minkowski and first proved by Hlawka. The theorem plays an important role in the recent results on the asymptotics of the solutions of quadratic inequalities, described in §8.
Integral points in convex sets
It may be recalled that by Minkowski's theorem any convex symmetric body in IR n with volume exceeding 2 n contains a nonzero point of any lattice Λ ∈ L 1 (see [3] or [14] ). The result applies in particular to regions defined by inequalities of the form |L i (v)| < a i , i = 1, . . . , k, for some k ≥ 1, where L i 's are linear forms and a i 's are positive real numbers. Similarly it also applies to sets of the form Q(v) < a where Q is a positive definite quadratic form; (one can also consider mixed systems, so long as the volumes of the regions can be computed). When k = n and L 1 , . . . , L n are linearly independent (in the vector space of linear forms) the regions as above are parallelopipeds and Minkowski's theorem is optimal in this case as, for example, the cube of side 2 centered at the origin (which has volume 2 n ) does not contain any nonzero integral point.
On the other hand for balls (and ellipsoids) centered at 0 the classical theorem of Hermite gives a better bound for existence of nonzero lattice points, than the Minkowski theorem for general convex symmetric bodies, namely, a ball contains a nonzero point of every lattice in L 1 if its radius exceeds (4/3) n−1 4 . This can be deduced from considerations of a fundamental domain for the homogeneous space SL(n, IR)/SL(n, Z Z), which we shall discuss next.
Let D denote the subgroup of SL(n, IR) consisting of all diagonal matrices with positive entries. We shall write the diagonal matrices in the form diag (d 1 , . . . , d n ), where d 1 , . . . d n are the diagonal entries (in the natural order of the entries). For σ > 0 let D σ denote the subset of D consisting of
Let N be the subgroup of SL(n, IR) consisting of all upper triangular matrices with 1's on the diagonal and for any τ > 0 let N τ denote the subset of N consisting of all those matrices for which every off-diagonal entry is of absolute value at most τ . Also let K denote the subgroup of SL(n, IR) consisting of orthogonal matrices of determinant 1. A set of the form
It can be verified that any Siegel set is of finite Haar measure in SL(n, IR). It is a crucial fact that for suitable values of σ and τ the corresponding Siegel set is a fundamental domain for SL(n, Z Z) in SL(n, IR), namely we have the following.
Concerning lattice points this implies that if e 1 is the column vector in which the first row entry is 1 and the others are 0 then the set F e 1 = {ge 1 | g ∈ F } contains a nonzero point of any lattice Λ ∈ L 1 ; (though the argument could be applied to other integral points in the place of e 1 , it does not lead to any useful information when the point is not a multiple of e 1 ). Now, F e 1 can be seen to be the complement of {0} in the closed ball of radius (4/3) as well. Since any positive definite quadratic form Q on IR n is equivalent to the quadratic form Q 0 given by the square of the usual norm (namely there exists a g ∈ GL(n, IR) such that Q(v) = Q 0 (gv) for all v ∈ IR n ) this implies the following.
A theorem of Howe and Moore
In this section we recall a theorem of Howe and Moore, specialised to the case of the homogeneous space SL(n, IR)/SL(n, Z Z), and discuss its implications to lattices in IR n . As before we shall denote by m the normalised SL(n, IR)-invariant measure on L 1 = SL(n, IR)/SL(n, Z Z).
Theorem 3.1 (Howe and Moore; see [15] ). Let {g i } be a divergent sequence in SL(n, IR) (namely with no limit point in SL(n, IR)). Then for any square-integrable functions f and φ on L 1 we have
This implies the following corollary; it may be mentioned here that the corollary generalises a theorem proved in a number-theoretic context by W.M. Schmidt, (see [23] ); the result of Schmidt is the particular case of the corollary when the sequence {g i } is chosen to be {diag (i, i, . . . , i, i −n+1 )}.
Corollary 3.2. Let {g i } be a divergent sequence in SL(n, IR). Then for almost every lattice Λ ∈ L 1 the set of lattices {g i Λ} is dense in L 1 .
For convenience we shall include here a proof of the corollary. Before going over to the proof let me however note the following. In the corollary 'almost every' is meant in the sense that the set of lattices Λ ∈ L 1 for which the statement does not hold (for a given sequence {g i } as in the hypothesis) is a set of m-measure 0, where m is the SL(n, IR)-invariant measure on L 1 . In the set of all lattices (not only from L 1 ) one can also interpret 'almost every' to mean a lattice generated by n linearly independent vectors v 1 , . . . , v n which may be chosen from a set of full Lebesgue measure. It can be seen that the corollary means also that for almost every lattice Λ in this sense {g i Λ} is dense in the set of lattices whose discriminant coincides with that of Λ (we shall however not go into the details of this).
Proof of the Corollary: Firstly we observe that as a consequence of the theorem, for any measurable subset E of L 1 such that m(E) > 0 we have
i (E)) = 1; for if E is such a set and f and φ are the characteristic functions of E and i g
be a countable basis for the topology of L 1 . Then for all j we have m(Ω j ) > 0 and hence
The corollary implies in particular that for any closed noncompact subgroup H of SL(n, IR), for almost all Λ ∈ L 1 the H-orbit of Λ is dense in L 1 . The theorem of Howe and Moore implies further that for such an H a measurable function f on L 1 is H-invariant (i.e. f (hΛ) = f (Λ) for all h ∈ H) if and only if it is constant almost everywhere. In particular all H-invariant measurable sets are of measure 0 or 1, namely the action is 'ergodic'.
Duality and values of linear forms
Let H be a closed noncompact subgroup of SL(n, IR) and consider the action of SL(n, IR) on the quotient space SL(n, IR)/H. By restriction we get an action of SL(n, Z Z) on SL(n, IR)/H. We note that for a g ∈ SL(n, IR) the H-orbit of gSL(n, Z Z) is dense in SL(n, IR)/SL(n, Z Z) if and only if the SL(n, Z Z)-orbit of g −1 H is dense in SL(n, IR)/H, as either of them holds if and only if HgSL(n, Z Z) is a dense subset of SL(n, IR). Since almost all H-orbits are dense (as seen in the previous section) it follows that almost all orbits of SL(n, Z Z) are dense in SL(n, IR)/H. The correspondence as above, known as duality, can be used together with results above orbits of subgroups H of SL(n, IR) on SL(n, IR)/SL(n, Z Z) to deduce results about orbits of SL(n, Z Z) under various linear actions which are of significance in terms of Diophantine approximation. For many subgroups, especially those generated by unipotent elements, the closure of orbits is well-understood, thanks to the work of M. Ratner on Raghunathan's conjecture (see [22] and [7] for details). For the so called horospherical subgroups the Raghunathan conjecture was proved earlier. We next recall some results on values of linear forms which follows from the orbit behaviour of the horospherical subgroups.
The duality argument as above implies in particular the following result, first proved in [11] .
Theorem 4.1 (cf. [11] ). Consider the action of SL(n, Z Z) on E p given by the componentwise action on each copy of IR n . Let f = (v 1 , . . . , v p ) be a Euclidean p-frame. Then the SL(n, Z Z) orbit of f is dense in E p if and only if f contains no nonzero integral vector (namely, f ∩ Z Z n = (0)).
(when x i 's are 0 we get the special case as above) and Γ is the subgroup {γ ∈ SL(n, Z Z) | γ(x j ) = x j for all j = 1, . . . q}, then the Γ-orbit of f is dense in E p .
The second assertion in the theorem follows from the proof of Proposition 4.3 in [11] ; in the statement of the proposition there, the conclusion as above is claimed under a weaker hypothesis, which however is incorrect.
Theorem 4.1 can be interpreted as a result on values of linear forms at integral forms, by viewing each vector in IR n as the coefficients of a linear form. Let F n denote the space of linear forms on IR n , namely the dual space. We consider the action of
and L ∈ F n (the so called contragradient action). Via the duality of F n and IR n as vector spaces the theorem implies the following:
where λ i 's and µ j 's are real numbers, is not a rational form unless
is dense in F n × · · · × F n (p copies). In particular for any t 1 , . . . , t q ∈ IR for which there exists x 0 ∈ Z Z n such that M j (x 0 ) = t j for all j = 1, . . . q, any a 1 , . . . , a p ∈ IR and > 0 there exists x ∈ P(Z Z n ) such that
Similarly one can also obtain results involving approximation of vectors and forms simultaneously. In this respect we note the following (see [4] ): Theorem 4.3. Let k, l ∈ {1, . . . , n} be such that k + l ≤ n − 1 and let X denote the space of (k + l)-tuples of the form
. . L l are linearly independent in the respective spaces and the subspaces spanned by them do not contain any nonzero rational elements (vector or linear form respectively).
The Oppenheim conjecture
We have seen in Section 1 that study of the space SL(n, IR)/SL(n, Z Z) enables to understand integral solutions of Diophantine inequalities of the form Q(x) < a, where Q is any positive definite quadratic form. Study of certain flows on the space is applied to similar questions in respect of indefinite quadratic forms. In fact in this case the only known complete results are arrived at from the study of flows on the homogeneous space as above.
Let Q be an indefinite quadratic form on IR n . Then the sets of the form {v ∈ IR n | 0 < |Q(v)| < a} have infinite volume for every a > 0. In the light of this one may ask whether they all contain nonzero integral points. For this to hold (for all a > 0) one would have to assume however that Q is not a multiple of a form with rational coefficients, since otherwise the set of values of Q at integral points would be discrete. Even with this additional condition the conclusion does not hold for certain forms in two variables. It is well-known that there exist numbers λ ∈ IR such that q 2 |λ − p q | is bounded below by a positive number, as p, q vary over integers, q = 0 (the so called badly approximable numbers; see [19] , where they are actually called 'numbers of constant type') and this means that for the quadratic form Q(x 1 , x 2 ) = x 2 (λx 2 − x 1 ) there exists a > 0 such that there is no integral point x with 0 < |Q(x)| < a. There was a conjecture, originating from an observation by Oppenheim that for n ≥ 3 a nondegenerate indefinite quadratic form Q on IR n , the set of values at integral points is dense in IR, whenever Q is not a scalar multiple of a form with integer coefficients. The conjecture was proved by Margulis in the mid eighties; see [20] for a detailed exposition, including on historical aspects. Later, the following relatively stronger assertion was proved in a joint paper of Margulis with the present author and subsequently an elementary proof of the same result was given in [9] ; see also [5] for another elementary proof and [6] for an exposition of the proof of a weaker result.
We recall that an element x ∈ Z Z n is said to be primitive if 1 k
x is not contained in Z Z n for any integer k ≥ 2. We denote the set of all primitive integral elements by P(Z Z n ).
Theorem 5.1. Let Q be a nondegenerate indefinite quadratic form on IR n , n ≥ 3, which is not a multiple of a form with integer coefficients. Then Q(P(Z Z n )) is dense in IR, that is, for any t ∈ IR and > 0 there exists a primitive integral vector x such that |Q(x) − t| < .
The argument of Margulis and that in the subsequent papers referred to above depends on the study of orbits of the special orthogonal groups of indefinite quadratic forms, on SL(n, IR)/SL(n, Z Z). Let Q be a nondegenerate indefinite quadratic form on IR n and let H = SO(Q) be the associated special orthogonal group, namely {g ∈ SL(n, IR) | Q(gv) = Q(v) for all v ∈ IR n }. Then H is a closed noncompact subgroup of SL(n, IR). Hence Corollary 3.2 implies that almost all orbits of H on L 1 = SL(n, IR)/SL(n, Z Z) are dense. In fact we have the following: Theorem 5.2. Let the notation be as above; in particular, we suppose that n ≥ 3. Then every orbit of H on L 1 is either closed or dense.
Theorem 5.2 was proved by Margulis and the present author for n = 3 and applied to deduce Theorem 5.1 (for all n ≥ 3). For a general n ≥ 3 it is a consequence of a celebrated theorem of M. Ratner, proving a conjecture of Raghunathan (see [22] and [7] for some details and references). Theorem 5.2 also implies the following generalisation of Theorem 5.1, noted by A. Borel and G. Prasad [1] .
Theorem 5.3 (Borel and Prasad).
Let Q be a nondegenerate indefinite quadratic form on IR n , n ≥ 3, which is not a multiple of a form with integer coefficients and let B be the corresponding bilinear form (defined by B(v, w) = (Q(v + w) − Q(v − w)) for all v, w ∈ IR n ). Then for any v 1 . . . , v n−1 ∈ IR n and > 0 there exist x 1 , . . . , x n−1 ∈ P(Z Z n ) such that
In respect of deduction of Theorem 5.3 from Theorem 5.2 it may be worthwhile to note the following. Let Q be a nondegenerate indefinite quadratic form on IR n . Let Q 0 be a rational quadratic form and let g ∈ SL(n, IR) be such that for a suitable λ ∈ IR (depending on the discriminants of Q and Q 0 ), Q(v) = λQ 0 (gv) for all v ∈ IR n ; such Q 0 and g exist and in fact Q 0 can be chosen to be one of the standard quadratic forms. Then H-orbit of gSL(n, Z Z) is closed L 1 if and only if and Q is a multiple of a form with integer coefficients (see [9] ). In the alternative case, namely when the orbit is dense, the conclusion as in Theorem 5.3 follows from a continuity argument.
It may be mentioned here that Borel and Prasad [1] consider also similar problems in the context of nonarchimedian valuations (in the place of the usual absolute value); we shall however not go into the details.
Complements to the Oppenheim conjecture
We shall now discuss analogous questions about values of quadratic forms at integral points, in some cases complementary to the results on Oppenheim conjecture.
Let us first consider the nondegeneracy condition in the Oppenheim conjecture, as in Theorem 5.1. Though it has been traditional to assume nondegeneracy in the context of the problem, unlike in some other problems the general case here does not readily reduce to proving the result in the case of nondegenerate forms (the reader may convince himself of this by perusing the cases arising in the proof of Theorem 6.1 below).
Let Q be a (possibly degenerate) quadratic form. We recall that the radical of Q is the subspace W = {w ∈ IR n | Q(v + tw) = Q(v) for all v ∈ IR n and t ∈ IR}. Suppose that W is a rational subspace of IR n (namely, it is defined by linear equations with rational coefficients). Then the image 
Further, it can be seen that there exists a positive integer r such that
. This shows in particular that if the radical of a quadratic form Q is a rational subspace of codimension 2 then the study of its values reduces to the 2-variable case; (see below for a discussion on the 2-variables case). We now note the following: Theorem 6.1. Let Q be a quadratic form on IR n , n ≥ 3, which is indefinite (that is, there exist v, w ∈ IR n such that Q(v) < 0 < Q(w)) and not a multiple of a form with rational coefficients. Then at least one of the following conditions holds: i) the radical of Q is a rational subspace of codimension 2; or ii) Q(P(Z Z n )) is dense in IR.
Proof: If the rank of Q is at least 3 then the argument as in the proof of Theorem 1 in [8] (reducing the number of variables to 3, in which case Q would be nondegenerate) shows, together with Theorem 5.1, that condition (ii) holds. Note that since the form is indefinite, the rank is at least 2. Now suppose that Q is of rank 2. Then there exist linear forms L 1 and
Since Q is indefinite L 1 and L 2 are linearly independent (as linear forms). Suppose first that no linear combination of the form λ 1 L 1 + λ 2 L 2 , with λ 1 , λ 2 ∈ IR, is a rational linear form. Let F n be the space of linear forms on IR n , and consider the contragradient action of SL(n, Z Z) on F n as in §4. Hence by Corollary 4.2 for L 1 , L 2 as above the set of pairs
say, is a rational linear form. If the span of L 1 and L 2 contains a rational form which is not a multiple of L 0 then the radical of Q, which is given by
, is a rational subspace of codimension 2, so condition (i) is satisfied. We may therefore suppose that any rational form in the span of L 1 and L 2 is a multiple of L 0 . Let Γ 0 be the subgroup
Since Q is not a multiple of a form with integral coefficients, at least one of L 1 and L 2 is not a multiple of a linear form with integral coefficients; for definiteness assume that this holds for L 1 . Then in view of our assumption as above, any rational linear form in the span of
We note that λ 2 = 0, since L 0 is a rational form while L 1 is not a multiple of any rational form. Now, for any
Hence the closure of Q(P(Z Z n )) contains the set {s(t − λ 1 s)/λ 2 | s ∈ IR}, which is the whole of IR if λ 1 = 0 and contains [−t 2 /4|λ 1 λ 2 | , t 2 /4|λ 1 λ 2 |] if λ 1 = 0 (it extends to infinity on one side, depending on the sign of λ 1 /λ 2 ). Since L 0 (P(Z Z n )) is unbounded this means that Q(P(Z Z n )) is dense in IR, thus completing the proof.
We now consider the case with n = 2. It was noted earlier that there exist binary quadratic forms which are not multiples of forms with integer coefficients but nevertheless their values at integer points do not intersect some interval of the form (0, δ) for some δ > 0. Now let Q be any indefinite binary quadratic form. Then Q(v, w) can be expressed as (av + bw)(cv + dw) for all v, w ∈ IR (with respect to the standard basis), where a, b, c, d ∈ IR and ad − bc = 0. An elementary argument then shows that for every > 0 there exist x, y ∈ Z Z, not both 0, such that |Q(x, y)| < , if and only if either a/b or c/d is not badly approximable. The question of taking values arbitrarily close to nonzero real numbers is however more intricate (see [2] ). It is closely related to the dynamics of the flow induced by the one parameter subgroup of diagonal matrices on the space SL(2, IR)/SL(2, Z Z). We shall however not go into the details of this here.
Simultaneous solution of quadratic and linear inequalities
In the earlier sections we considered inequalities involving linear and quadratic forms separately. In this section we shall briefly consider mixed systems involving a quadratic and a linear form, on IR 3 . The following result can be read deduced from Corollary 2 in [10] , using rotational symmetry, with respect to the maximal compact subgroup of the special orthogonal group. Theorem 7.1. Let Q be a nondegenerate indefinite quadratic form on IR 3 and L be a linear form on IR 3 . Suppose that the plane {v ∈ IR 3 | L(v) = 0} is tangential to the (double) cone {v ∈ IR 3 | Q(v) = 0} and that no linear combination (with real coefficients) of Q and L 2 is a rational quadratic form. Then for any a, b ∈ IR and > 0 there exists x ∈ P(Z Z 3 ) such that |Q(x) − a| < and |L(x) − b| < .
The result is obtained by proving that for a unipotent one-parameter subgroup {u t } such that u t −I is of rank 2 for t = 0, (I being the identity matrix) the closure of any orbit of the flow induced by it on SL(3, IR)/SL(3, Z Z) is an orbit of a closed subgroup of SL(3, Z Z); this is a particular case of Raghunathan's conjecture, which was subsequently proved by M. Ratner (see [22] and [7] for details).
Remark 7.2. In the notation of Theorem 7.1 it can be seen that when some linear combination of Q and L 2 is a rational quadratic form then the (system of) inequalities as in the conclusion cannot admit nonzero integral solutions for all a, b ∈ IR and > 0; (there could however exist solutions for a = b = 0, for all > 0).
It turns out that the condition in the hypothesis of Theorem 7.1 that the plane {v ∈ IR 3 | L(v) = 0} be tangential to the cone {v ∈ IR 3 | Q(v) = 0} cannot be weakened to the intersection of the two being nonzero; namely, intersection in a pair of straight lines may not suffice. Specifically we note the following result; the main idea of the proof is due to Margulis (oral communication) and the author would like to thank him for pointing it out. Theorem 7.3. Let Q 0 and L 0 be the forms (quadratic and linear respectively) on IR 3 defined by Q 0 (x 1 e 1 + x 2 e 2 + x 3 e 3 ) = 2x 1 x 3 − x 2 2 and L 0 (x 1 e 1 + x 2 e 2 +
x 3 e 3 ) = x 2 for all x 1 , x 2 , x 3 ∈ IR, e 1 , e 2 , e 3 being the standard basis of IR 3 . Then there exist g ∈ SL(3, IR) and > 0 such that the following conditions are satisfied for the forms Q and L defined by
i) no linear combination of Q and L 2 (with real coefficients) is a rational quadratic form;
ii) there does not exist any nonzero integral point x ∈ Z Z 3 such that |Q(x)| < and |L(x)| < .
Further, the set of g ∈ SL(3, IR) for which the conditions are satisfied (for some > 0) is of Hausdorff dimension 8, namely, same as the manifold dimension of SL(3, IR); in particular there are uncountably many pairs of forms (Q, L) arising as above for which conditions (i) and (ii) are satisfied.
Proof: For t ∈ IR let d t denote the diagonal matrix diag (e −t , 1, e t ) and let D be the one-parameter subgroup {d t }. Let B denote the set of lattices Λ in L 1 such that the D-orbit of Λ is bounded (has compact closure) in L 1 . By a theorem of Kleinbock and Margulis [17] the set {g ∈ SL(3, IR) | gZ Z 3 ∈ B} intersects every nonempty subset of SL(3, IR) in a set of Hausdorff dimension 8; in particular it is not contained in any countable union of proper algebraic subvarieties of SL(3, IR); (we recall that an 'algebraic subvariety' is a set of the form {g ∈ SL(3, IR) | P (g) = 0}, where P is a polynomial function on SL(3, IR) in the coordinate variables).
We first show that if Λ ∈ B then there exists > 0 such that Λ contains no nonzero point p with |Q 0 (p)| < and |L 0 (p)| < ; this implies that if g ∈ SL(3, IR) is such that Λ = gZ Z 3 then condition (ii) as in the conclusion of the theorem is satisfied for the forms Q and L defined by Q(v) = Q 0 (gv) and L(v) = L 0 (gv) for all v ∈ IR 3 . Let Λ ∈ B and suppose, if possible, that for all > 0 there exists p ∈ Λ, p = 0, such that |L 0 (p)| < and |Q 0 (p)| < 2 (the square in the latter inequality is chosen for computational convenience). Consider any > 0 small enough so that the open ball of radius 3 centered at 0 contains no nonzero point of Λ and let p be a point satisfying the above conditions. If p = x 1 e 1 + x 2 e 2 + x 3 e 3 , where e 1 , e 2 , e 3 is the standard basis, then we have |x 2 | < and |2x 1 x 3 − x 2 2 | < 2 . The conditions imply also that |x 1 x 3 | < 2 . Let α = max {|x 1 |, |x 3 |}. In view of the condition on as above it follows that α is positive and coincides with only one of |x 1 | or |x 3 |. Now let t = σlog (α/ ), where σ = 1 if α = |x 1 | and σ = −1 if α = |x 3 |. Then d t p = e −t x 1 e 1 + x 2 e 2 + e t x 3 e 3 . If α = |x 1 | then we have |e −t x 1 | = and |e t x 3 | = |x 1 x 3 |/ ≤ and similarly, if α = |x 3 | we get that |e t x 3 | = and |e −t x 1 | ≤ . Varying along a sequence converging to 0 we see from this that there exist a sequence of lattices {Λ j } of the form d t Λ and points p j ∈ Λ j such that p j → 0 as j → ∞. By Theorem 1.1 this means that {d t Λ} is not contained in a compact subset of L 1 , which contradicts Λ being from B. The contradiction shows that the assertion formulated above must be true and hence condition (ii) holds for any g ∈ SL(3, IR) such that gZ Z 3 ∈ B. To find a g such that condition (i) is also satisfied we proceed as follows: We note that for any rational quadratic form R the set of g ∈ SL(3, IR) for which the form defined by v → R(g −1 v) (for all v ∈ IR 3 ) is a linear combination of the forms Q 0 and L 2 0 is an algebraic subvariety of SL(3, IR). Since {g ∈ SL(3, IR) | gZ Z 3 ∈ B} is not contained in a countable union of algebraic varieties, we get that there exists a g ∈ SL(3, IR) such that gZ Z 3 ∈ B and no linear combination of Q 0 and L 2 0 is of the form v → R(g −1 v) for any rational quadratic form R. The latter condition means that for Q and L defined as in the hypothesis of the theorem, for this g, condition (i) is satisfied. This proves the existence of a g as claimed. The more general assertion in the theorem is clear from the proof as above. 
, the line of intersection of the planes defined by L 1 and L 2 . Let L be a linear form such that L(w) = 0 for all w ∈ W (this corresponds to the tangential intersection condition in Theorem 7.1). Then L is a linear combination of L 1 and L 2 and hence |Q(v)| and |L(v)| can be small simultaneously only if |L 1 (v)| and |L 2 (v)| are small. This shows that for small a and b the inequalities |Q(x) − a| < and |L(x) − b| < admit integral solutions for all > 0 only if no linear combination of L 1 and L 2 is a rational form. An argument as in the proof of Theorem 6.1 shows that the latter condition is also sufficient to ensure that the inequalities admit primitive integral solutions, for all a, b ∈ IR and > 0. (It may be noted that the condition is not equivalent to the condition in Theorem 7.1 that no linear combination of Q and L 2 is rational). On the other hand, corresponding to Theorem 7.3 one can show by an argument analogous to the one there, using the theorem of Kleinbock and Margulis, that there exist linearly independent linear forms L 1 , L 2 and L such that for some > 0 there is no x ∈ Z Z 3 − {0} such that |L 1 (x)L 2 (x)| < and |L(x)| < , and no linear combination of L 1 and L 2 is rational (one can also additionally arrange so that no linear combination of L 1 L 2 and L 2 is rational).
Quantitative results
Apart from the problems of existence of solutions of Diophantine inequalities, results on the modular homogeneous space and the flows on it can be applied to get quantitative results on the number of solutions of such inequalities, involving quadratic forms; (for linear forms the corresponding statements follow from results on uniform distribution of sequences of the form {i(v 1 , . . . , v n )} mod 1, for fixed v 1 , . . . , v n ∈ IR, -see [2] -and will not be considered here). The classification of invariant measures of flows induced by unipotent one-parameter subgroups, due to M. Ratner, plays an important role in this respect. It is applied to obtain results on the distribution of the flows which, in turn, together with Theorem 1.2 are applied to deduce the asymptotics of the number of integral solutions of the inequalities, in balls centered at 0, as the radius tends to infinity. We mention here the following result in this regard; the purpose being only to give an idea of the results, we shall not strive for generality or completeness (see [12] or [20] for details). The constant λ in the theorem also turns out to be such that for any open interval (a, b) the volumes of {v ∈ B(r) | a < Q(v) < b} are asymptotic to λ(b − a)r n−2 , so the result signifies that the number of solutions of the inequalities in question is asymptotic to the volumes of the regions they describe in IR n . It turns out that similar asymptotics do not hold in general for n = 3 or 4. In these cases there are lower estimates comparable to the one above and upper estimates which are higher by a factor of log r (see [20] for details).
Comments in conclusion
The study of flows on SL(n, IR)/SL(n, Z Z), and other more general homogeneous spaces of Lie groups, is also applied to various other Diophantine problems. The reader is referred to [7] for an exposition of the general theory of flows on homogeneous spaces as well as various applications. We mention here a only couple of recent applications of the theory to certain Diophantine problems. In [13] the authors study the asymptotics of the number of integral points on certain subvarieties, within distance r of the origin, as r → ∞. In particular they obtain the following result, which may be of independent interest. Theorem 9.1 (Eskin, Mozes and Shah). Let P be a monic polynomial with integral coefficients which is irreducible over the rationals and has degree at least two. For r > 0 let N r be the number of integral n × n matrices X = (x ij ) with Σ i,j x 2 ij ≤ r 2 , whose characteristic polynomial is P . Then there exists a constant c > 0 such that N r ∼ cr n(n−1)/2 as r → ∞.
Interesting results have also been proved recently on 'approximability properties' for linear forms and vectors in [18] and [16] . In the former a conjecture of Sprindzuk is verified and in the latter the theory of badly approximable and singular systems of linear forms is generalised.
